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Lattice QCD

In the last several lectures we saw some explicit lattice actions that can be combined
to give lattice QCD.

Let us start with the Wilson plaquette gauge action and the Wilson fermion action as
a concrete starting point. Come back to staggered fermions tomorrow.

We can consider more general actions

S= SWilson+∑
i

ciOi

where Oi are more-or-less local combinations of fields.

The ci are called improvement couplings: choose them to reduce cutoff effects.

Need formalism(s) to define and remove discretization effects.
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Why Bother with Improvement?

There are some simple scaling laws that show why it is not feasible to control dis-
cretization effects solely via brute force a→ 0.

The amount of memory needed grows as (N3
S×N4 lattice)

memory ∝ N3
SN4 = L3L4/a4.

The large exponents are unavoidable: we live in 3+1 dimensions.

The amount of CPU time needed to generate lattice gauge fields grows as

τg ∝ a−(4+z) (L fixed).

The 4 is again spacetime.

Update algorithms also slow down as a→ 0, because they update in a region of
size a, but must propagate these changes over physical regions of size Λ−1 to get a
statistically independent gauge field. Thus, the exponent z> 0, typically z∼ 1–2.
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Hadron Propagators

To compute hadron propagators, one need quark propagators in the background field.

〈π(x)π(y)〉= 〈ψ̄uγ5ψd(x)ψ̄dγ5ψu(y)〉= 〈tr[γ5Gd(x,y)γ5Gu(y,x)]〉,
where the quark propagator Gab = Gi j

αβ(x,y) is defined by

Gab =
Z

Dψ̄Dψ ψaψ̄beψ̄Mψ = detM [M−1]ab.

In practice, finding all elements of M−1 (an N×N matrix, with N ∝ N3
SN4) is not worth

the effort. Instead solve equations like

[MG]ab = δab, Mik
αγ(x,w)Gk j

γβ(w,y) = δαβδi j δ(x,y)

If M is sparse there are several iterative methods to solve for G, but

τq ∝ (λmax/λmin)
p∼min

{
1/(mqa)p,(L/a)p} .

The exponent p depends on the algorithm and is typically 1 or 2 (propagators),
or even 2 or 3 (updates to detM, i.e., loops).
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Multi-Scale Problem

One way of summarizing all these difficulties is to note that QCD (for the real world)
is a multi-scale problem.

mq� Λ�mQ, mq = mu,md,ms, Λ∼ 700 MeV mQ = (mc),mb,mt.

Inside a computer, it is even worse: there are two more scales for the ultraviolet cutoff
(π/a) and the infrared cutoff (L−1).

L−1�mq�Λ�mb� π/a in principle
L−1 < mq < Λ�mb∼ π/a in practice

A physicist’s reaction to a multi-scale problem would be to introduce some scale-
separating scheme (like an effective field theory).

Indeed, this is what is done in lattice QCD, with the twist that the EFTs are used to
control uncertainties and to guide extrapolations from the feasible to the physical.
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mπ = 140 MeV mK = 500 MeV
Λ∼ 250 – 2500 MeV

mc = 1300 MeV mb = 4200 MeV
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Symanzik Effective Field Theory

Lattice QCD (inside a computer) has a 6= 0; continuum QCD does not.

To interpret calculations with a 6= 0, one needs a description of cutoff effects.

Let’s give a sketch of what we’re after, at the tree level. Quark-gluon vertex:

Γµ(p, p′) =−g0ta
{

γµcos[12(p+ p′)µa]− i sin[12(p+ p′)µa]

+1
2cSWσµν cos[12kµa]sin[kνa]

}
=−g0ta

{
γµ− i

2a
[
(p+ p′)µ+cSWiσµνkν]+O(a2)

}
,

On the mass shell, the Gordon identity shows that the O(a) terms cancel, if cSW= 1.

Need to allow for renormalization, and specify “on shell” for hadrons.

Symanzik effective field theory.
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Local Effective Lagrangian LEL
Symanzik’s Ansatz (which grew out of his work on the Callan-Symanzik equation)

Llat
.= LSym= LQCD+LI ,

where the symbol
.= can be read “has the same on-shell matrix elements as”.

LSym is not a lattice field theory. It is a renormalized continuum field theory. It is
scaffolding to build up a structure to impose conditions on improvement couplings.

LQCD is the renormalized, continuum QCD Lagrangian,

LQCD =
1

2g2 tr[FµνFµν]− q̄(/D+m)q.

The renormalized gauge coupling g2 and renormalized mass m depend on:

g2 = g2(g2
0,m0a;ci;µa), m= m0Zm(g2

0,m0a;ci;µa),
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Interpretation of µ is the rough dividing line between long- and short-distance physics.

Lattice artifacts are described by operators of dimension dimO > 4:

LI = ∑
O

adimO−4KO(g2,ma;cO;µa)OR(µ),

where adimO−4KO is a short-distance coefficient, written with factors of a so that KO
is dimensionless.

As with the renormalized couplings, these short-distance coefficients depend on all

couplings of the lattice action.

Deviations from the continuum limit are defined at fixed g2 and m.

Think of these renormalized parameters as being defined in a physical way, e.g., via

on-shell scattering amplitudes.
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The renormalized operators OR are sensitive to long distances only: Λ−1, L.

In particular, they do not depend on the short distance a.

Multiplying matrix elements of OR with their coefficients, one finds terms of order

(pa)dimO−4, where p is a typical momentum, and dimO−4 > 0.

For hadrons consisting of quarks and gluons, p∼ Λ. By assumption Λa is small, so

one can treat the lattice artifacts in LI as perturbations.

On the other hand, the short-distance coefficients depend only short distances.

For light quarks m−1
q is a long distance; expand KO(mqa) in mqa.

For heavy quarks m−1
Q is a short distance; keep full mQa dependence in KO(mQa).
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To treat LI as perturbations, set up the interaction picture driven by LQCD.

Develop series, with all matrix elements taken in the (continuum) eigenstates of LQCD.

Basing the description around LQCD is very useful: LQCD has more symmetry than Llat.

Simplify LI by exploiting field redefinitions

q 7→ q+adimXεXXq, q̄ 7→ q̄+adimXε̄Xq̄X,

where X is any gauge-covariant operator, and εX and ε̄X are free parameters.

Changes of integration variables—q & q̄—cannot change on-shell matrix elements,
which are (obtained from) integrals.

Since the interaction picture is being driven by LQCD, the mass shell in question is
that of QCD, even though we have not yet solved for the hadron masses.
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Field redefinitions in LQCD induce higher-dimension terms, like those in LI :

LI 7→ LI +∑
X

adimX
[
ε̄Xq̄X(/D+mq)q+ εXq̄(−

←−
/D +mq)Xq

]
.

Similarly, redefinition in lower-dimension terms in LI changes terms of even higher

dimension.

So, field redefinitions amounts to changing certain coefficients in LI . Since the

changes are arbitrary, those operators have no effect on on-shell matrix elements.

They are called redundant.

When using the effective field theory to describe the underlying theory, their coeffi-

cients may be set according to convenience

They are easy to identify, because they vanish by the equations of motion of the

Lagrangian driving the interaction picture, here LQCD.
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Illustration

At dimension-five there are no operators made only of Fs. There are two linearly
independent quark operators

O5 = iq̄σµνFµνq, O′5 = 2q̄D2q.

The second of these can be re-written as

O′5 = O5+2q̄/D(/D+m)q−2mq̄/Dq.

We see, in order, the other dimension-five operator, a redundant operator, and some-
thing proportional to the kinetic term in LQCD. The last can be absorbed into the field
normalization of q and a redefinition of m.

Thus, O5 suffices to describe all on-shell dimension-five effects (cf. p. 6):

LI = aKσ·F q̄iσµνFµνq+ · · · ,
where . . . denotes terms of dimension six and higher.
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Vector and Axial Vector Currents

Lattice currents for the flavor-changing transition s→ u.

Vµ
lat = ψ̄uiγµψs−acV∂νlatψ̄uσµνψs+ ∑

OV

adimOV−3cOVOµ
V ,

Aµ
lat = ψ̄uiγµγ5ψs+acA∂µ

latψ̄uiγ5ψs+∑
OA

adimOA−3cOA
Oµ

A

Symanzik effective field theory description:

Vµ
lat

.= Z̄−1
V V µ−aKV∂νūσµνs+ · · · ,

Aµ
lat

.= Z̄−1
A Aµ+aKA∂µūiγ5s+ · · · ,

where . . . denotes operators of dimension four and higher, and Z̄−1
J and KJ are short-

distance coefficients.

Continuum currents V µ = ūiγµs, Aµ = ūiγµγ5s.

Lattice Field Theory 4 Currents Andreas S. Kronfeld
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EFT Expansion

The effective field theory says (and similarly for the vector current) that

〈 flat|Z̄AAµ
lat|i lat〉= 〈 f |Aµ|i〉+aZ̄AKA∂µ〈 f |ūiγ5s|i〉+aKσ·F

Z
d4x〈 f |T O5Aµ|i〉

+ O(a2),

The states on the left-hand side are eigenstates of lattice gauge theory, those on the
right-hand side are eigenstates of continuum QCD.

In a context where you can calculate in continuum QCD, this expression is wonderful.

You can demand Kσ·F(cSW) = 0 and KA(cA) = 0 and solve for the improvement
couplings cSW and cA.

Two notable contexts: (i) perturbation theory and (ii) small L, where a→ 0 is feasible
in numerical simulation.
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Proof of Symanzik Ansatz

The Symanzik effective field theory can be justified in to all orders in perturbation

theory (in the gauge coupling).

Reisz generalized the BPHZ (Bogoliubov-Parasiuk-Hepp-Zimmermann) renormaliza-

tion tailored to lattice perturbation theory. Assuming one pole in propagators,Z l

∏
i=1

d4ki

(2π)4 I ({p},{k}) = IR+ IU({p})+O(ap,am),

IR: renormalization parts

IU({p}): independent of a or improved couplings—universal.

Lattice Field Theory 4 Reisz Theorem Andreas S. Kronfeld
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The remainder terms can be developed further with BPHZ oversubtractions of the

loop integrands. In this way one can develop any amplitude’s renormalized perturba-

tion series, including contributions suppressed by powers of a, to any order desired.

This double series in (g2,a) is the same as one obtains from Symanzik’s LEL .

Thus, Symanzik’s LEL is fully justified in perturbation theory. It is believed to hold at

a non-perturbative level as well.

(Failure could only arise under circumstances that would cast doubt on all separation-

of-scale methods in QCD. Several of these are successful in phenomenology, so a

breakdown seems unlikely.)
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Heavy Quarks

Many of the most interesting hadronic matrix elements involve B mesons.

The B meson has a mass around 5 GeV, and it is unlikely that we will have mBa� 1
(and large L) any time soon. Typically, mba∼ 1–3, mca∼ 1

3–1.

As a consequence, heavy-quark discretization effects need different treatment.

The key is to make use of effective field theories for heavy-quark systems:

heavy-quark effective theory (HQET) for heavy-light hadrons
non-relativistic QCD (NRQCD) for heavy quarkonium (Q̄Q)

Two angles: (i) discretize continuum HQET/NRQCD, (ii) use continuum HQET/NRQCD
to describe discretization effects of lattice gauge theory.
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What Breaks Down when mQa 6� 1?

Years ago it was thought that (obviously) lattice gauge theory breaks down mQa 6� 1.

Lattice gauge theory does not break down (still well defined, etc.), but the interpreta-

tion becomes more subtle.

It is convenient to see what happens to the Symanzik description when mQa 6� 1.

LI = · · ·+∑
X

adimX−1
∞
∑
n=3

K
(n)
X q̄X

4

∑
µ=1

(−γµDµa)nq+ · · · ,

At each n, the term with µ= 4 is not small, because (−γ4D4a)n∼ (mQa)n.

Use the equation of motion to get rid of D4 in favor of mQa.
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If the X is a constant or part of /D, the resulting terms modify the leading part of LSym:

LSym= Lgauge+ q̄

(
γ4D4+

√
m1
m2

~γ ·~D+m1

)
q+L ′I ,

This expression is on the same footing as the previous LEL .

The split “QCD + small corrections” no longer holds if the short-distance coefficient√
m1/m2 6= 1.

For Wilson fermions

m1a = ln(1+m0a),
1

m2a
=

2
m0a(2+m0a)

+
1

1+m0a
.

Summary: lattice gauge theory does not break down, the Symanzik effective field

theory does not break down. The utility of the Symanzik LEL does break down.
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Heavy Quark Theories

For mQ� ΛQCD, static properties of hadrons can be described by

LQCD
.= LHQ,

where

LHQ = ∑
n

C QCD
n (mQ,g2;µ/mQ)On(µ),

The Cn are short-distance coefficients and the operators On encode the long-distance

behavior.

The operators do not depend on the short distance scales 1/mQ (or a).

The coefficients are labelled “QCD” because we shall soon use the same formalism

to decribe lattice gauge theory, with coefficients modified to depend on mQa.

Lattice Field Theory 4 Heavy Quark Theory Andreas S. Kronfeld
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Let us recall some aspects of heavy-quark theory. One has

LHQ = L(0) +L(1) +L(2) + · · · .

For HQET L(s)
HQET contains terms of dimension 4+s;

for NRQCD L(s)
NRQCD contains terms of order ν2s+2 (ν is the relative velocity).

In the following, we shall use HQET counting, but the discussion could be repeated
in NRQCD, with straightforward modifications.

The leading, dimension-four term is

L(0)
HQET = h̄v(iv ·D−m1)hv,

i/vhv = hv, h̄vi/v = h̄v.

The choice of the velocity v is somewhat arbitrary. If v is close to the heavy quark’s
velocity, e.g., the containing hadron’s velocity.

Lattice Field Theory 4 Heavy Quark Theory Andreas S. Kronfeld
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L(0) is a good starting point for the heavy-quark expansion, which treats the higher-

dimension operators as small.

L(0) emphasizes the heavy-quark symmetry.

For two flavors, let θ = (m1c−m1b)v·x; then the generators

τ1 =
i
2

(
0 eiθ

e−iθ 0

)
, τ2 =

i
2

(
0 −ieiθ

ie−iθ 0

)
, τ3 =

i
2

(
1 0
0−1

)
,

satisfying the SU(2) algebra [τd,τe] = εd f eτ f .

Higher-dimension operators are constructed with Dµ = Dµ− im1vµ

To describe on-shell matrix elements one may omit operators that vanish by the equa-

tion of motion, −iv ·Dhv = 0.
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The dimension-five interactions are

L(1)
HQET = C2O2+CBOB ,

where C2 and CB are short-distance coefficients, and

O2 = h̄vD
2
⊥hv, Dµ

⊥ = Dµ+vµv·D

OB = h̄vsαβBαβhv, sαβ =−iσαβ/2, Bαβ = ηα
µηβ

νFµν.

For QCD their coefficients are

mQCD
1 = m, C QCD

2 =
1

2m
, C QCD

B =
z(µ)
2m

,

where m is a renormalized quark mass, and z is a non-trivial function of g2 with an
anomalous dimension. At the tree level, z= 1.

In mass independent renormalization schemes, the renormalized mass m is the (per-
turbative) pole mass.
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One can also develop the effective field theory for vector and axial vector currents.

We are now in a position to apply the same formalism to lattice gauge theory.

Wilson fermions have the same degrees of freedom and heavy-quark symmetries as

Dirac fermions.

So the whole formalism can be repeated. The only modification is that there are two

short distances, so the coefficients, now called C lat
i , depend on mQa.

We shall now state what HQET says for a matrix element of the vector current:

Lattice Field Theory 4 HQET for Lattice Gauge Theory Andreas S. Kronfeld
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〈L|v·V |B〉=−CQCD
V‖
〈L|q̄hv|B

(0)
v 〉

−BQCD
V1 〈L|v·QV1|B

(0)
v 〉−BQCD

V4 〈L|v·QV4|B
(0)
v 〉

− C QCD
2 CQCD

V‖

Z
d4x〈L|T O2(x)q̄hv|B

(0)
v 〉?

− C QCD
B CQCD

V‖

Z
d4x〈L|T OB(x)q̄hv|B

(0)
v 〉? +O(Λ2/m2),

〈L|v·Vlat|B〉=−Clat
V‖
〈L|q̄hv|B

(0)
v 〉

−Blat
V1〈L|v·QV1|B

(0)
v 〉−Blat

V4〈L|v·QV4|B
(0)
v 〉

− C lat
2 Clat

V‖

Z
d4x〈L|T O2(x)q̄hv|B

(0)
v 〉?

− C lat
B Clat

V‖

Z
d4x〈L|T OB(x)q̄hv|B

(0)
v 〉?

−Kσ·FClat
V‖

Z
d4x〈L|T q̄iσFq(x)q̄hv|B

(0)
v 〉? +O(Λ2a2b(ma)).
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So the lattice matrix element reproduces the continuum if

Kσ·F = 0 from light quark, as before

C lat
i = C QCD

i from heavy-quark Lagrangian

Blat
i = BQCD

i from heavy-light currents

As in Symanzik improvement, solving these conditions (non-perturbatively in a finite

volume, or perturbatively) yields conditions on the improvement parameters of lattice

gauge theory.

The HQET scaffolding can be dismantled at this stage: the resulting conditions do not

depend on the renormzalization scheme used at intermediate stages for the HQET.
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